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Abstract

Analog notch filters schematics are very rare. Two circuit diagrams are reviewed with
symbolic equations. The first schematic is analog notch filter based on twin-T circuit
diagram. The second schematic is analog notch filter based on the Friend biquad circuit.
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1. Introduction

Notch filters or band stop filters have many types of applications. The first application is
interference mitigation in GNSS receiver [1]. The second application is the removal of
powerline noise from biomedical signals which have operating frequency range from 50 to
60 Hz, while biomedical signal such as EEG has magnitude response in the range of 1-40 Hz
[2]. The third application is for a radio frequency image rejection [3]. The fourth application is
for an interference rejection in UWB systems. In this application, the filter can notch the
magnitude more than 35 db at operating frequency of 900 MHz [4].

A second-order notch can be constructed using an LCR passive prototype. The advent of the
very large-scale integration allows tens of thousands of transistors to be fabricated in an
integrated circuit. CMOS analog notch filters can be easily designed and built in an IC chip.
There are many types of techniques to design analog filter at the architecture or block diagram
level such as active RC filter, Gm-C filter, switched Capacitor filter, etc. In this chapter, we will
design analog notch filter based on Gm-C filter block diagram.
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2. Transconductor capacitor filter based on floating active inductors

There are many choices of transconductor in the literatures. The first transconductor was
published by Nedungadi [5]. It is proposed since 1984. This transconductor is very linear; its
linear range can be extended by design and simulation. The circuit diagram is shown in
Figure 1. Its typical linear range, which is output current versus input voltage, can be plotted
by level 1 transistor model as follows.

Drain current of an NMOS and a PMOS transistor can be expressed as follows [6]:

Io= HWTCOY (¥) (Ves = Vn)*(1 + AVps) )
CUX
~Ip = #pz (%) (Vos = Vim)*(1 = AVps) @)

where Ip is the drain current, y, is the electron mobility, u, is the hole mobility, C,, is oxide
thickness and A is the channel length modulation.
For submicron CMOS, drain current of NMOS and PMOS transistor can be shown in the

formulas (3) and (4). As a consequence of high electric field, both x and y dimensions are a
derivative of electric filed by distance along x- and y-axes:
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Figure 1. (a) Differential amplifier with cross couple concept, (b) replacement of ideal voltage source with transistor in (a),
and (c) cross couple circuit diagram with cascade active load.
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DS UsatCox (VGS — VTH) i ECL

= stafcox (VGS - VTH)

EcL>»Vegs — Vg for long channel device

EcL<Vgs —Vy  for short channel device

In order for someone to plot linear range by using multiple transistors, output current can be
written as a function input voltage by writing KVL around the loop. Another way of represen-
tation is to derive small signal transconductance gain in frequency domain which is a ratio of
output current which flows out from the output node divided by input voltage. Small-signal
equivalent circuit concept can make the circuit analysis difficult because of parasitic capaci-
tance. Transconductor circuit diagram which has too many transistors may not work if it is
believed in small-signal circuit concept because the circuit has too many poles and zeros which
make the element substitution of transconductor to deviate from ideal transfer function of LCR

prototype.

3. Second-order notch filter

Circuit idea of notch filter is very rare. This is because the theory of an ideal second-order
transfer function is well defined. The notch filter or band reject filer is found to be expressed as
(5) below [7]:

Hs) = — S+ 5)

2 @y 2
s° 4+ (Q,,)S + w,
where w, is the notch frequency, w, is a pole frequency and w, = w,.

Numerator polynomial can be designed to have any value so that the roots of the numerator
polynomial have roots of it equal with complex zero after equating them with zero.

The circuit which implements this function is called twin-T RC network which can be drawn in
Figures 2 and 3.
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Figure 2. (a) Twin T network and (b) twin T network with buffered op-amp.

Figure 3. The Friend Biquad circuit.
A. Appendix

The notch filter block diagram is analyzed with Kirchoff current law to prove that it is notch
filter transfer function. There are two notch circuits in this appendix. The passive element has
its own name without any duplication of names. The current is assumed to flow from left to
right and flow from positive potential to ground. Also assume that all nodes in the circuit have
positive potential except ground node.
Vin =V Vi V1=V
in 1 _ 71 + 1 out ( 6)
Rl R3 SC1

Vin - VZ _ ﬁ VZ - Vout

7
sCy sCs + R, )
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Vl - Vout VZ - Vout _ 1
SC1 + RZ - Vout (R4 + 5C4) (8)

Vin - Vl _ E'ﬁ‘ Vl - Vout
Rl R3 SC]

9

(Vin — Vl)(SC]R3) = V1(5C1R1) + (V1 — Vout)RlRS ( )

Vin(SC1R3) =V (SClRl +sCiR3 + R1R3) - Vout(RlRS)

Vip = Va _&+V2_Vout
SC2 B SC3 Rz

(V,',, — Vz)SCng = Vz(SCsz) + (V2 — Vou[)SZ(C2C3)

Vin(sC3Rz) = V2(sC3Rz + sC2Ry 4 s2C2C3) — Vour (s2(C2C3)) 4o
 Via(5C3Ra) + Vot (A(C2C3))
27 (sC3Rz + sC2R; + 2C,C3)

Vi S;::/out n Vs ;szout —V,, (1%1 + sC4) V., (1 +IS§4R4)

(Vi = Vour)RoRs + (Vo — Viour)sC1Rs = Vi (1 4+ sC4R4) (sC1R2)

V1(RaRy) + V2 (sC1Ry) = Vo (sC1R2 + s*CaRyCiR; + RyRy +5CiRy) an

v, = |:V0ut(52C4R4C1R2 +5(C1Ry + C1R4) + RyRy) — Va(sCiRy)
(R2Ry4)
_ |:Vnuf(52a21 + sa11 + a1 ) — Va(sC1Ry)
(R2R4)
Substitute Eq. (11) into an Eq. (9):
(Vin - V]) _ &+ Vi—Vou
Ry R3 sCq
(Vin = V1)(sC1R3) = V1(sC1R1) + (V1 — Vour)RiRs
Vin(sC1R3) = V1(sCiRy 4+ sC1R3 + RiR3) — Vit (R1R3)
Vin(sC1Rs) = {V”“t(sza’“ hi SQI(IR:IQ 0)1) ~ValCRI} Ry + SCIRs + RiRs) — Viur(RiRs)
Vin(sC1R3(R2R4)) = [Vour (s*a21 + san1 + ao1) — Va(sC1R4)| (sC1Ry + sC1R3 + RiR3)
—Voutr(R1R3)(R2Ry)

Vin(sar2) = Vour [(s*a21 + sar1 + ao1 ) (s(C1Ry +sCiR3) + RiR3) — (R1R3)(R2Ry)]

—V2(sC1R4)(s(C1Ry + C1R3) + RyR3)

(12)

Substitute an Eq. (10) into an Eq. (12):
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Vin (Sau) = Vout [(521121 +san + ﬂm)(S(ClRl —+ SC1R3) + R1R3) — (R1R3)(R2R4)}
-V SC1R4)(S(C1R1 + C1R3) + R1R3)
Vin (Sau) = Vout [(521121 +san + ﬂm)(S(ClRl —+ SC1R3) —+ R1R3) — (R1R3)(R2R4)}

B Vin(SC3R2) + Vnut(Sz(C2C3))
(SC3R2 +sCoRy + 52C2C3)

} (sC1R4)(s(C1Ry + C1R3) + RiR3)

S(C3R2 + Csz)
V,‘n(salz) = Vum[(szam + say1 + am)(s(ClRl + SC1R3) + R1R3) — (R1R3)(R2R4)]
+52C2C3
(SC3R2 +3sCoRy + SZC2C3) — [V,‘n (SC3R2) + Vour (SZ(C2C3))] (SC1R4)(S(C1R1 + C1R3) + R1R3)
(13)
s(C3Rz + C2Ry)
Vin(Sﬂ12)< = Vout [(Szan + say1 + ap1) (s(C1Ry + C1R3) + RiR3) — (Rle)(Rszx)}
+52C2C3
(s(C3Rz + C2Rz) + 52C2C3) — [Vin(sC3R2) + Vour (s*(C2C3)) ] (sC1R4) (s(C1R1 + C1R3) + R1Rs3)
Vz‘n [53(5112C2C3) + Szﬂlz(CS,Rz -+ CZRZ)}
221 (R1Rs — (R1R3)(RoR4)) (14)
S3ﬂ21 (C1R1 + SC1R3) +?
+a11(C1R; + C1R
= Vout 11( 11 ! 3) (S(C3R2 -+ Csz) + S2C2C3)

+s[(a11)(R1Rs — (R1R3)(RaR4)) + ag1(C1R1 + C1R3)]
+a01 (RiRs — (R1R3)(RoR4))

—Vin[s°(C3R2C1R4)(C1R1 + C1R3) + SC3R2R1 R3] — Vour [$°C2C3C1R4(C1R1 + C1R3) + s*C2C3R1Rs)
Vin[s2(012C2C3) + s2a12(C3Rz + C2R2)| = Vour [$°a33 + 5223 + sar3 + ags | (s(C3Rz 4+ C2Rz) + 57C2C3)
~Viu[*(C3R2C1R) (C1Ry + CiR3) + SC3RaR R3] — Vit [$*C2C3C1R4(C1Ry + CiR3) + s2CoC3R R3]

a21(RiRs — (R1R3)(R2R4))
+a11(C1Ry + C1R3) )l
a13 = [(a11)(R1R3 — (R1R3)(R2Ry)) + ao1(C1Ry + C1R3)]
ag3 = ao1 (R1Rs — (R1R3)(Rz2Ry))

a33 = a21(C1R1 +sC1R3), a23 = (

Vin[s3(812C2C5 + (C3R2C1R4) (C1Ry + C1R3)) + s%a12(CsRa + CaR») 4 sC3RaR1 R3]
= Vout[°ass + 5%z + smz + ap3] (s(C3Rz + C2R2) + s*C2C3)
—Vout [S3C2C3C1R4(C1R1 + C1R3) + 52C2C3R1R3}

a34 = (212C2C3 4 (C3R2C1R4) (C1Ry + CiR3)), a24 = a12(C3R2 + CoRy), 414 = C3RyR1R3
(15)
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Vin[s2a34 + s%a04 + sa14] = Vou [$°as3 + s%a23 + sar3 + ao3] (5(C3R2 + CaRa) + 52C2C3) — Ve [s2a35 + s%ans]
a34 = (a12C2C3 + (C3R2C1Ry)(CiRy + C1R3)), A24 = a12(C3Ry + C2Ry), a14 = C3R2R1R3
a35s = CoC3C1R4(C1Ry + CiR3), a5 = C2C3R R
551133C2C3 + st (ﬂ23C2C3 —+ ﬂ33(C3R2 —+ Csz))
+53 (a23(C3R2 + Csz) + a13(C3R2 + Csz) — El35)
Vin[s3a34 + 5224 + sa1a] = Vour
+SZ(1113(C3R2 + Csz) +ap3CrC3 — a25)
Sll03(C3R2 + Csz)

[$%a34 + 04 + sa14]
Vin 5°133C2C3 + 54 (a23C2C3 + 433(C3R2 + CoRo))

=
g

+53 (u23(C3R2 + C2R2) + u13(C3R2 + C2R2) — ﬂ35)
+SZ (a13(C3R2 + Csz) + ap3CrC5 — ll25)

sap3 (C3R2 + Csz)

s [52ﬂ34 + Sang + 0114}
51133CoC3 4 57 (a23C2C3 + 433(C3R2 + CoRo))

+SZ (Fl23(C3R2 + Csz) + 1113(C3R2 + Csz) — 1135)
+S(1113(C3R2 + Csz) + H03C2C3 — 1125)

+a03(C3R2 + Csz)

(16)
KCL at V;:
(VmTZW) = (V1 = V4)sCy + (V1 — V3)sC,
Vin = V1 = V1(sCiRy + sCoR1) — V2(sCaRy) — Vy(sCi1Ry)
Vin = Vi(sCiR1 4+ sCaRy + 1) — Va(sCaR1) — Vu(sCiRy)
17)

Vin = Vix1 + Voxo + Vaxs =0
X1 = (SC]R] +8sCoRy + 1)
Xy = (SC2R1)

X3 = (SC]R])
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KCL at V5:
_(Va=Vy\ Vs
(Vi =V)sC, = ( R ) +R4
1 1 1
Vi(sC) =Vl sCo+—+— ) — V4| —
1(5C2) 2(5 2+R3+R4) 4(R3)
Vi (SCz) — Voxg + Vyxs =0 (18)
1 1
x4 = |5Co+ 4+ —
4 ( 2R, R4)
. 1
=&
KCL at V:
Vie=Vs\ Vs  (V3-V,4
Ry " Rs Re
Vin 1 1 1 1
Yin _ oyl 22 =
2 3<R2+R5+R6) 4(R6>
Vinxe — Vaxy + Vaxg =0
L (19)
TR,
(1,11
77 \R, "Rs 'R
(L
5= \®,
KCL at Vy:
V37V4 Vout V4 :&
Rq Ry Rg
Vs 1 1 1\ Ve
Rs V4(R6+R_7+R8) R7 =0
V3xg — Vyx10 + Vourx11 = 0
. 1 (20)
"R
(111
o= R¢ Ry Ry
1

X1 = 5~
Rz
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KCL at V2
Vour =V
Ap(V3 = Va) = ="+
7
V4 Vout
—Vo0A, + V3A, + — — =0
2 TR, ORy 1)
VoA, + V3A, + x12Vs — x12Vo = 0
o 1
2= R
All of these equations can be written in matrix form as follows:
[ 1 —X1 X2 0 X3 0 171 Vi;l 1 _0—
0 SC2 —X4 0 X5 0 Vl 0
X6 0 0 —X7 Xg 0 V2 0
= (22)
0 0 0 X9  —X10 X11 V3 0
0 0 —Av Av X12 X12 V4 0
L 4L Vuut i L 0 a
From Eq. (17), it can be rewritten as follows:
Vin — Vix1 + Voxa + Vaxs =0
(23)
Vin = V1X1 — szz - V4X3
Substitute Eq. (23) into Eq. (19); we will get the following equation:
Vin = Vixy — Vaxa — Vyxs
Vl‘an, — V3X7 + V4X8 =0
(lel — Vz.Xz — V4X3)X6 — V3X7 =+ V4.Xg =0
Vi (x1x6) — Vz(XzXG) — Vi3xy + V4(xg — x3x6) =0
Vi(y1) = Va(ya) — Vaxs + Va(y;) =0 (24)
[S(C1R1 —+ C2R1) —+ 1]
Yy = (n1xe) = R
2
(SCle)
Y, = (x2x6) = R,
o . 1 (SClRl) o Rz — (SC1R1R6)
Ya = (xs = xaxo) = Rs Ry ReR>

All of these equations can be written in matrix form as follows:
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1 —x1 x 0
0 sC, —x4 0
0 v ¥y —x
0 0 0 X9
0 0 -A A
10 0 0 0

From Eq. (24), it can be rewritten as follows:

Vi (3/1) - V2(3/2) — Vsx7 + V4(y3) =0

X3

X5

Y3
—X10

X12

X11

X12

Vi = (szz + Vixy — V4y3>
1=

Substitute Eq. (26) into Eq. (17); we will get the following equation:

Vi o (szz + Vaxy — V4y3>
| =
Y1
Vi — Vix1 4+ Voxo + Vaxs =0
V. — (V2y2 + V3x7 — V4y3
m yl

Vin+V2(x2*m) *Va(@> +V4( 3
N N

Vin +Vayy = Vays + Vays =0

Y1

Y3X1

1

VT
Vi
Vs
Vs
Vy

L Vout 4

)x1 4+ Voxo + Vyxs =0

):0

YoX1 sCoR1\ [s(CiR1 + CoRy) + 1
= (2 -2 —sooR, -
Ya (Xz > e ( ) (S(ClRl +CaRy) +1

Y1

Ro

X7X1 1 1 1 S(C1R1 + Cle) + 1:|
=(Z2) =5+t R
¥s ( Vi ) (Rz Rs Ré) L(ClRl +GRy) +1

)(R2)=0

Ry
-

(S(C1R1 + Cle) + 1)R2

Yo = (X3 - M) =sCiRy — {RZ —SCiRiRe

Y

Ry, — RiR,
:sClRl—{ 2 —SC1R1Re

R6R>

I

(S(C1R1 + Cle) + 1)

268 - ()

All of these equations can be written in matrix form as follows:

10y s
0 SCZ —X4 0
0 v -y —x
0 0 0 X9
0 0 -A, A,

L0 0 0

Ye
X5
Y3
—X10
X12
0

01
0
0
X11

X12
0

VT
Vi
Vs
Vs
Vy

L V(mt u

o O O ©O O O

(25)

(26)

(27)

(28)
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From Eq. (18), it can be rewritten as follows:

Vi (SCz) —Voxg +Vaxs =0

(VzX4 — V4X5) (29)
O
SCZ

Substitute Eq. (29) into Eq. (24); we will get the following equation:

vy = (sz4 - V4x5>

SC2
Vi(y) = Va(y) = Vaxs + Va(y;) =0
Voxg — Vyx
<%245> (1) = Va(¥,) — Vaxs + Va(3) =0

Xqy Xsy
VZ(T;_:VZ) — V3X7 +V4<y3 —?21) =0

Vay, — Vaxs + V4y8 =0

o % _ - i i S(C1R1 + C2R1) +1 _ SCle
]/7 o (SC2 ]/2) o (SC2 + R3 * R4) ( SCsz Rz

1 1 30
$Co + o+ = | (S(CiR1 + CaR1) + 1) — (sC2R1)sC, o
. R3 Ry
Y7 = SC2R2
2Co(CRY) +5[Co+ (- + L) (CiRy + CoR) | + (4 -
B 2\C1 2 R3 R4 1481 241 R3 R4
- SC2R2
_ _ % _ R, — (SC1R1R6) _ 1 [S(ClRl + CzR]) + 1]
yg y3 SCz R6R2 SC2R3 Rz
_ (R2 — (SC1R1R6))SC2R3 — R6([S(C]R1 =+ CgRl) + 1])
SC2R2R3R6
B —SZ(C1R1R6C2R3) + S(R2C2R3 — RgC1Ry — R6C2R1) — Rg
yg o SC2R2R3R6
All of these equations can be written in matrix form as follows:
10y Y5 Y O ][ Vi ] [0]
0 SCz —X4 0 X5 0 Vl 0
0 0 —X 0 \% 0
Y7 7 Ys 2| _ (31)
0 0 0 X9 —X10 X11 V3 0
0 0 —Az, Ay X12 X12 V4 0
0 0 0 0 0 0|V LO]
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From Eq. (30), it can be rewritten as follows:

Vay, — Vaxz + Vyyg =0

Vo — (V3X7 — V4]/8) (32)
) = | ——28
Y7

It is time to eliminate column 3 by Eq. (32) by substituting into Eq. (27):

Vz _ <V3X7 — V4y8)
Y7
Vin + Vay, — Vays + Vaye =0

Vaxy; — V.
Vin + (37y74y8)y4 = Vays + Vay, =0
7

Vin + Vs <% - ys) +Va (% - M) =0 (33)
Y7 Y7

Vin + V3o + Vayyg =0

_(*7Ya _ )
Yo (y7 Ys

_ _M)
Y10 (3/6 V,

Update matrix in Eq. (31) by substituting Eq. (33) into as follows:

1 0 0 Yo Y10 0 Vin 0
0 SCz —X4 0 X5 0 V] 0
0 0 —X7 0 Vz 0
Y7 Ys _ (34)
0 0 0 X9 —X10 X11 V3 0
0 0 —Av AU X12 X12 V4 0
100 0 0 0 0 | [ Vou | 1 0]
It is time to eliminate column 3 by Eq. (32) by substituting into Eq. (29):
V, = (V3x7 - V4y8)
Y7
V1 (SCQ) — V2X4 + V4X5 =0
Vix; — V.
Vi(sCy) — (u> X4+ Vaxs = 0 (35)
Y7
V1(SC2) - V3 (@> + V4 (.X5 +M) =0
Y7 Y7

Vi(sC) — Vayyy + Vay;, =0
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Update matrix in Eq. (34) by substituting Eq. (35) into as follows:

r(14)7r1 o0 0 Yy Y10 077 Vin1 r07
(23) 1[0 sC; 0 =y Yp 0 Vi 0
B30 0 'y, —x7 yg 0 Vs 0
= (36)
0 0 0 xo —x0 ¥ul|| Vs 0
0 0 —Av Av X12 X12 V4 0
L 4 L - -Vout— -0-
It is time to eliminate column 3 by Eq. (32) by substituting into Eq. (21):
V, = (V3x7 - V4y8)
Y7
VoA, + V3A, +x12Vy — x12Vour = 0
Vix; — V.
- (%%) Ap + V3A, +x12Vy — x12Vpu =0 (37)
7
Ay Ay
V3 (Av -7 ) +Vy (xlz + yg—) — Vourx12 =0
Y7 7
V3z1 + Vyzo — Vourx1o = 0
Update matrix in Eq. (34) by substituting Eq. (37) into as follows:
10 0y oy 0 77 Vin7 107
0 sC 0 —vy; VYo 0 Vi 0
0 0 y, —xv Ys 0 Vs 0
= (38)
0 0 0 X9 —X10 X11 VS 0
0 0 0 Z1 Z —X12 V4 0
L0 0 O 0 0 0 1 LVould L0

From Eq. (20), it can be rewritten as follows:

Vixg — Vax10 + Vourxtn = 0

Ve o (V4x10 - Vnufxll) 39)
U
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Substitute Eq. (39) into Eq. (37); we will get the following equation:
Vs= (V4x10 - Voutx]l)
X9
Vazi + Vazo = Vourxio =0

Viax10 — Vourxn
X9

X1021 X1121
V4< +Z2) — Vout (—+X12> =0
X9 X9

Viazz — Vourza =0

)Z1 + Vazo — Vourx1o =0 (40)

Update matrix in Eq. (36) by substituting Eq. (40) into as follows:

[T 0 0 'y 'y O ][Va] 0]
0 sCG 0 =y VYp 0 V1 0
0 0 —X 0 Vs 0
Y7 7 Ys _ (1)
0 0 0 X9 —X10 X11 V3 0
0 0 0 0 Z3 —Z4 V4 0
10 0 0 0 0 0 ] [ Vour | 10 ]
Substitute Eq. (39) into Eq. (30); we will get the following equation:
Vs = (V4x1o - Voufxﬂ)
X9
V2y7 — Vi3xy + V4]/8 =0
Vaxio — Vourx
Vay, — (74 - x9 = H)x7 +Viyg =0 (42)
Vay, +Va (ys - x“””) Vo <"“"7) =0
X9 X9
V2y7 4+ Vyzs + Vourze =0
Update matrix in Eq. (41) by substituting Eq. (40) into as follows:
[T 0 0 'y v O ][Vi] 0]
0 sG 0 =y VYp 0 Vi 0
0 0 0 Z5 Zg Va 0
Y7 _ 43)
0 0 0 x -—x0 x1 || Vs 0
0 0 0 0 Z3 —Z4 V4 0
10 0 0 0 0 0 J[Vou] LO]
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Substitute Eq. (39) into Eq. (33); we will get the following equation:
Vs = (V4x10 - Voutx]])
X9
Vin + Vayg + Vayyp =0

V. -V
Vin+< 4x10 — Vourx1i

X )y9+V4y10 =0

Vin + V4 (xu)yg + ylo) - Vout (xllyg) =0
X9 X9

Vin +Vazg — Vouzg =0

Update matrix in Eq. (43) by substituting Eq. (44) into as follows:

0 0 0 z7 =z [ Vin ]
sC 0 =y Yo 0 Vi
Yy 0 Zs5 Z6 Vs
0 x9 —x10 x11 Vs
0 0 23 —z || Va
0 0 0 0 L Vout

O O O O O =

o O O O

Substitute Eq. (37) into Eq. (44); we will get the following equation:
Vazz — Vourza =0
z
V4 = Vout (_4)
23
Vin +Vazg — Vouzg =0
Vi + Vo <2—4> 27— Vourzs = 0
23

Z4Z
Vin+Vnut<£_Z) =0
23

Vv 1
Vin + Vuutz9 =0— out = -
Vin 29
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